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; Abstract 

a^ ■ 

^ ■ It is shown that the spectrum of the asymmetric rotor can be reahzed quan- 

O . turn mechanicaUy in terms of a system of interacting bosons. This is achieved 

\ in the SU(3) hmit of the interacting boson model by considering higher-order 

0^ \ interactions between the bosons. The spectrum corresponds to that of a rigid 

' asymmetric rotor in the hmit of infinite boson number. 

T— I ■ It is well known that the dynamical symmetry limits of the simplest version of the 

^ . interacting boson model (IBM) IBM-1, correspond to particular types of collective 

\ nuclear spectra. A Hamiltonian with U(5) dynamical symmetry has the spectrum of 

O I an anharmonic vibrator, the SU(3) Hamiltonian Q has the rotation-vibration spectrum of 

^ ' vibrations around an axially symmetric shape and the SO (6) Hamiltonian yields the 

0\ ■ spectrum of a 7-unstable nucleus 0. There exists another interesting type of spectrum 

^ . frequently used to interpret nuclear collective excitations which corresponds to the rotation 

! of a rigid asymmetric top and which, up to now, has found no realization in the context of 

1— H I the IBM-1. The purpose of this letter is to extend the IBM-1 towards high-order terms such 

^ ' that a realization of the rigid non-axial rotor of Davydov and Filippov becomes possible. 

Ch ■ A pure group-theoretical approach is used that allows to establish the connection between 

>• . algebraic and geometric Hamiltonians not only from the comparison of their spectra but 

^ , also from the underlying group properties. 

^ I Let us first recall some of the aspects that have enabled a geometric understanding of 

- - ' the IBM. The relation between the Bohr-Mottelson collective model ^ and the IBM has 
been established on the basis of an intrinsic (or coherent) state for the IBM. Via this 



coherent-state formalism, a potential energy surface E{I3, 7) in the quadrupole deformation 
variables (3 and 7 can be derived for any IBM Hamiltonian and the equilibrium deformation 
parameters /3o and 70 are then found by minimizing E{(3, 7). It is by now well established that 
a one- and two-body IBM-1 Hamiltonian can give rise only to axially symmetric equilibrium 
shapes (70 = 0° or 60°) and that a triaxial minimum in the potential energy surface 



requires at least three-body interactions pi 



Since the relationship between 7-unstable model and rigid triaxial rotor was always an 
open question, Otsuka et al. [|l3)|Il] investigated in detail the SO (6) solutions of one- and 
two-body IBM-1 Hamiltonian. They found out that the triaxial intrinsic state with 70 = 30° 
produces after the angular momentum projection the exact SO (6) eigenfunctions for small 
numbers of bosons N . Thus they conclude that for finite boson systems triaxiality reduces 
to 7-unstability. 
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If three-body terms are included in the IBM-1 Hamiltonian a triaxial minimum of the 
nuclear potential energy surface can be found and numerous studies of the corresponding 
spectra have been performed |TT| , p!l| -p!9[1 . However, the existence of a minimum in the po- 



tential energy surface at 0° < 7 < 60° is not a sufficient condition for a rigid triaxial shape 
since this minimum can be shallow indicating a 7-soft nucleus. The interest in higher-order 
terms in IBM-1 has been renewed recently by the challenging problem of anharmoni cities of 
double-phonon excitations in well-deformed nuclei |^U|,^. Although their microscopic origin 



is not clear at the moment, the occurrence of higher-order interactions can be understood 
qualitatively as a result of the projection of two-body interactions in the proton-neutron 
IBM onto the symmetric IBM-1 subspace. For example, it is well known that triaxial 



deformation arises within the SU*(3) dynamical symmetry limit p3| of the proton- neutron 
IBM without any recourse to interactions of order higher than two. 

Nuclear collective states are treated in IBM-1 in terms of bosons of two types: 
monopole (/'^ = 0"*") s bosons and quadrupole (/'^ = 2"*") d bosons 0. For a given nu- 
cleus, A^ is the half number of valence nucleons (or holes) and is thus fixed. Analytical 
solutions can be constructed for particular forms of the Hamiltonian which correspond to 
one of the three possible reduction chains of the dynamical group of the model U(6): 

U(5) D S0(5) D S0(3) 

U(6) SU(3) D S0(3) . (1) 

^ S0(6) D S0(5) D S0(3) 

The SU(3) dynamical symmetry Hamiltonian corresponds to a rotation-vibration spectrum 
of a vibrations around an axially symmetric shape which in the limit N 00 goes over 
into the spectrum of a rigid axial rotor The two other reduction chains in (|I]) contain 
the SO (5) group whose Casimir invariant exactly corresponds to 7-independent potential of 
Wilets and Jean and is responsible for 7-soft character of the spectrum |p4| , |25| . 

To obtain a rigid (at least for A^ — 00) triaxial rotor the starting point is the SU(3) 
limit of the IBM-1 with higher-order terms in the Hamiltonian. This approach is inspired 
by Elliott's SU(3) model p6| , |27[] where the rotor dynamics is well established for SU(3) 
irreducible representations (irreps) with large dimensions. 

Following Ref. [^, we consider the most general SU(3) dynamical symmetry Hamilto- 
nian constructed from the second, third and fourth order invariant operators of the SU(3) 
D SO (3) integrity basis 



HiBM = Ho + aC2 + bCl + cC^ + dn + eA + fh" + gL^ + hC2L^ . (2) 
Here the following notation is used: 

C2 = C2[SU(3)]=2g2 + |L2, (3) 

C3 = C3[su(3)] = -|v^[Q X g X g](°) - X g X Lf§^ , (4) 

= -3yf [L X g X L]f^ , (5) 

A = [Lxgxgx , (6) 

where 
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L, = v^[f/+ X J] W , (7) 
= X s + s+ X - X d]f , (8) 

are SU(3) generators, satisfying the standard commutation relations, 

[Lg,L,,] = -V2ilqlq'\lq + q')Lg+,, , 

[L„ Q,>] = -v^(lg2g'|2g + , (9) 

[Q,,Q,'] = l\fli2q2q'\lq + q')L,^,, . 



In the context of the shell model, an SU(3) Hamiltonian of the type (0) has been con- 



sidered by a number of authors ||30|-p5|]. Specifically, it was established |^ that the rotor 
Hamiltonian can be constructed from and the SU(3) invariants Q and A. This follows 
from the asymptotic properties of these SU(3) invariants whose spectra do correspond to 
rigid triaxial rotor for SU(3) irrep labels A,/i ^ oo. In addition, a relation between (A,/i) 
and the collective variables 7) characterizing the shape of the rotor can be derived |Q . 



In contrast, all attempts so far to construct a rigid rotor in the SU(3) dynamical symmetry 
limit of the IBM-1, even if including higher-order terms, are restricted to axial shapes p8 



A noteworthy difference should be pointed out between the SU(3) realizations in the shell 
model and the IBM and concerns the irreps that occur lowest in energy. In the shell model 
the ground-state irrep is dictated by the leading shell-model configuration. For example, 
it is (8,4) for ^^Mg and (30,8) for ^^^Er ^,0. In the IBM the lowest representation is 



determined by the Hamiltonian. One can show that for an SU(3) Hamiltonian with two- and 
three-body interactions it is either (2A^, 0) or (0, A^), which corresponds to axially symmetric 
nucleus. The essential point that is exploited here is that this choice of the lowest SU(3) 
irrep becomes more general for the IBM-1 Hamiltonian with up to four-body terms. 
One can show that with the linear combination 

F = aC2 + hCl , (10) 

any given irrep (Ao,/io) that occurs for a system of s and d bosons can, in principle, be 
brought lowest in energy. The proof is as follows. The eigenvalue of the second-order SU(3) 
Casimir invariant is 

^2(A,/i) = A2 + /i2 + A/i + 3A + 3/i. (11) 



Within a given U(6) irrep [A^] the following SU(3) (A,/i) values are admissible p6 



(A, /i) = 0), (2Ar - 4, 2), . . . (2, N - I) or (0, N) , 

(2A^ - 6, 0), (2A^ - 10, 2), ... (2, A^ - 4) (0, A^ - 3) , 

(4,0), (0,2) for Ar(mod3)=2, ^^^^ 
(2, 0) for A^(mod3) = 1 , 
(0, 0) for Ar(mod3) = . 

For the first row in this equation (which corresponds to the largest values of Casimir invari- 
ants) one has the relation 
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2Ar = A + 2/i , (13) 

and consequently g2{\, fi) = QnW- The eigenvalues of ([ToD are thus given by 

FN{X) = ag^{\) + bg%{\) . (14) 

Minimization of this function with respect to A gives the following condition for the irrep 
(Ao,/io) to be lowest in energy: 

^ = -2g{Xo,i2o) . (15) 

It is worth mentioning that one fails to obtain a similar minimization condition with just 
the second- and third-order SU(3) Casimir invariants. 

Once (Ao,/^o) is fixed, the constant part of the Hamiltonian (|^) takes the form 

Ho = Ho- bg'^{Xo, /io) + cgs{Xo, /io) , (16) 

where g^^X, fi) is the expectation value of C3[SU(3)] 

^73(A, fi) = ^(A - /i)(2A + /i + 3)(A + 2/i + 3) , (17) 

and the Hamiltonian can be rewritten as 

i^iBM = Ho + dn + eA + fL" + gL^ , (18) 

where f = f + hg2{Xo, no). 

To see the relation between this Hamiltonian and that of the rotor, we rewrite (p!8D 
further as 

HiBM = Ho + d{UQijLj) + e{L,QikQkjL,) + fL^ + gL^ , (19) 

where Qij are cartesian components of the quadrupole tensor (H). This operator has the 
same functional form as the rigid rotor Hamiltonian 

iJ,otor = = (LiMijLj) , (20) 

where Lj (Lj) are the components of the angular momentum L in the intrinsic (laboratory) 
frame, Mij is a moments of inertia tensor with the constant components. The parameters 
of inertia Ai are related to the principal moments of inertia Xj as 

^. = ^ . (21) 

The rotor moments of inertia tensor is connected with the SU(3) quadrupole tensor compo- 
nents through 

M,^ = [f + gL{L + l)]6ij + dQij + eQikQkj ■ (22) 



4 



Note that, in general, the components of the quadrupole tensor Qij fluctuate around their 
average values. When these fluctuations are negligible, the spectrum of the IBM-1 Hamil- 
tonian (|T9|) is close to the spectrum of rigid asymmetric rotor with corresponding moments 
of inertia. 

The analogy between the rigid rotor and SU(3) dynamical symmetry Hamiltonians can 
be studied from a group-theoretical point of view. The dynamical group of the quantum 
rotor is the semidirect product T5 A SO (3) where T5 is generated by the five components 



of the collective quadrupole operator Q. The operators Q and L satisfy the commutation 
relations 

[Lg,L_g,] = -V2{lqlq'\lq + q')Lg+g> , 

[L„ Q,,] = -v^(lg2g'|2g + q')Q^^^, , (23) 
= 0, 

which define the rotor Lie algebra ts © so(3). The only difference between (P) and ( p3D is 
in the last commutator. 

The replacement Q Qj^fC^ in the su(3) algebra leads to \Qq-,Qqi\ ^ for A,/i ^ L. 
Thus for large A and [i the su(3) algebra contracts to the rigid rotor algebra ts © so(3). The 
irreps of ts © so (3) are characterized by the /3 and 7 shape variables which can be related 
to SU(3) irrep labels A and /i as in Ref. [^: 



K/5COS7 = |(2A + /i + 3) , 

«:/5sin7 = ^(^ + l), ^^^^ 
where k has to be determined from parameterization 

Qg = Kf3[6go cos 7 + {6g2 + Sg_2) sin 7] , (25) 

with /? > and 0° < 7 < 60°. 

The difference between the shell model SU(3) realization and the SU(3) dynamical sym- 
metry limit of the IBM can be visualized on a (/3, 7) plot which gives the relation between 
(/3,7) and the SU(3) labels (A,/i) |3[ (see Figure 1). The SU(3) irreps vahd for the IBM 
(marked by circles) are only a subset of those which are allowed in the shell model in accor- 
dance with the Pauli principle (e.g.. Fig. 2 in Ref. P^). 



From a group-theoretical point of view, the difference is seen from the following con- 
siderations. The invariant symmetry group of the asymmetric rotor is the point symmetry 
group D2, whose irreps can be classified as Ai, Bi, B2 and B3. In the contraction limit, the 
{X, fi) irrep of SU(3) reduces to one of the D2 irreps according to the even or odd values 
of A or /i. Since the IBM only allows even A and /i, only totally symmetric Ai levels of 
the asymmetric rotor can be represented. These are also the asymmetric rotor levels, which 
should be considered [0 in connection with nuclear spectra. 

As an example, in Figure 2 the spectrum of the Hamiltonian (0) is shown with the 
parameters a = —72 keV, b = 0.1 keV, d = 0.1 keV, / = 25 keV, c = e = g = h = and 
Ho = 12960 keV for the two lowest SU(3) irreps (10, 10) and (14,8) of an = 15 boson 
system and compared with the spectrum of an asymmetric rotor of highest asymmetry 
(7 = 30°). The matrices of the operators Q and A in the Elliott's basis can be found in 
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Refs. [^0. The SU(3) spectrum consists of (A, /i)-multiplets within which the levels are 
arranged in bands characterized by Elliott's quantum number K where for even A and /i 



K = min{A, /i}, min{A, fi} — 2, ... , 2 or , 

L = K,K+1, ... , max{A, /i} ioi K =^ , (26) 
L = 0, 2, ... , max{A, /i} for = . 

The spectrum of a triaxial rotor consists of a ground-state band with L = 0,2,4, ... and 
an infinite number of the so-called abnormal bands: L = 2, 3, 4, 5, ... (1st abnormal band), 
L = 4, 5,6, 7, ... (2nd abnormal band), and so on. Contrary to the axially symmetric 
case, the projection of the angular momentum L on the intrinsic z-axis no longer is a good 
quantum number. Also, the spectrum contains L/2 + 1 states for L even and {L — l)/2 
states for L odd. It is seen that the low-energy spectrum corresponding to (10, 10) irrep is 
remarkably close to the spectrum of the asymmetric rotor. The resemblance includes the 
prominent even-odd staggering in the first abnormal band which is a perfect signature to 
distinguish axial, rigid or soft triaxial rotors (see, e.g. Refs. [|r^,0). Eventual differences 
between the triaxial rotor and the SU(3) calculation are caused by the finite number of 
allowed L-values for each K in a. given (A, /i) irrep. 

Although the above considerations were limited to the SU(3) dynamical symmetry, we 
would like to stress that this is not the only possible realization of rigid triaxiality in the 
IBM-1. As has been demonstrated recently |21|, a rotational spectrum can be generated by 
only quadratic x Q^]'^^^ and cubic [Q" x Q° x Q^]^^^ SO (6) invariants where 

Ql = [d'-xs + s^x d\f (27) 

is an SO (6) generator. This can be understood from a group-theoretical point of view. In 
the limit — > the so(6) algebra contracts to the rigid rotor algebra ts © so(3) and 
a rigid rotor realization with SO (6) dynamical symmetry is obtained in IBM-1. 

Inspired by this result, it would be of interest to inspect the Hamiltonian of the type (^ 

i^iBM = H, + a{UQlL,) + T^{UQIQ%L^) + (L^ + iL' , (28) 

where is a general quadrupole operator 

QX = [^+ X s + s+ X d]f + x[d^ X J]f ) . (29) 

One expects that, provided the commutation relations for L and are close to those for 
the rotor (P3[), the spectrum of the Hamiltonian ( PBD should resemble that of the rigid rotor. 

In summary, an IBM-1 realization of the rigid rotor has been suggested. Although the 
example has been restricted to the SU(3) dynamical symmetry, any Hamiltonian of a sim- 
ilar type constructed with general quadrupole operator and with the angular momentum 
operator produces a rigid rotor spectrum under the condition of appropriate commutation 
relations. The required and sufficient condition to obtain the rotor dynamics is the contrac- 
tion of the dynamical algebra of the Hamiltonian to the rigid rotor algebra ts © so(3). 

We gratefully acknowledge discussions with P. von Brentano, F. lachello, D. F. Kusnezov, 
S. Kuyucak, A. Leviatan, N. Pietralla, A. A. Seregin and A. M. Shirokov. N.A.S. and P.V.I, 
thank the Institute for Nuclear Theory at the University of Washington for its hospitality 
and support. Yu.F.S. thanks GANIL for its hospitality The work is partly supported by 
Russian Foundation of Basic Research (grant 99-01-0163). 
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FIGURES 




FIG. 1. Relation between the collective rotor parameters (/?, 7) and the SU(3) irrep labels 
(A,^). The circles indicate the irreps valid for the IBM with = 6 bosons. 
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FIG. 2. Left: a typical spectrum of the SU(3) dynamical symmetry Hamiltonian (|2|) with the 
set of parameters a = —72 keV, b = 0.1 keV, d = 0.1 keV, / = 25 keV, c = e = g = h = and 
Hq = 12960 keV for = 15 bosons. The two lowest SU(3) irreps (10, 10) and (14,8) are shown. 
Right: the asymmetric rotor spectrum for 7 = 30°. 
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